In this paper we prove that if a pair of graphs G, H have senders, then they necessarily have connected minimal senders; we also prove that given two fixed graphs that are either 3-connected or triangles there are minimal (G, H)-senders with arbitrarily distant signal edges and (G, H)-minimal graphs with arbitrarily large cycles, thus showing there is no upper bound for the diameters of (G, H)-minimal graphs.
Introduction

The Arrowing Relation, minimal graphs and senders
Given a (simple, finite) graph F = V F , E F a 2-coloring of the edges of F (or simply an edge coloring of F ) is a function c : E F −→ {0, 1}
We informally talk about red and blue colors instead of 0 and 1. If G and H are two fixed graphs, an edge coloring of F is (G, H)-good (or simply a good coloring if G, H are clear from context) if there is no isomorphic copy of G completely contained in the preimage of 0 and no isomorphic copy of H completely contained in the preimage of 1 i.e. there is no red G and no blue H.
If F has good colorings, we write
and if F has no good coloring, we write
This Arrowing relation has been widely studied [2, 3, 6, 7, 10] due to its connection with graph Ramsey theory [4, 5] which is a very active research area. The computational complexity of its related decision problems has been also studied [3, 8, 9] including some descriptive aspects.
There is also a strong Arrowing relation denoted by . We write
if for every coloring of the edges of F there is either an induced red subgraph isomorphic to G or an induced blue subgraph isomorphic to H. If there is a coloring with no induced red subgraph isomorphic to G and no blue subgraph isomorphic to H we write
The set of all (G, H)-minimal graphs is denoted by R(G, H). The set of all (G, H)-minimal graphs with respect to the strong Arrowing is denoted by R * (G, H).
A positive (G, H, e, f )-sender is a graph T containing two edges e, f such that:
1. T has good colorings,
2. e and f have the same color in every good coloring.
3. There is a good coloring in which e is red and one in which e is blue.
A negative (G, H, e, f )-sender is a graph which satisfies conditions 1 to 3 but with the word 'different' instead of the expression 'the same' in condition 2.
Γ 3 is the class consisting of all 3-connected graphs and the triangle K 3 . An important result related with this class is:
there exist positive and negative (G, H)-senders with arbitrarily distant signal edges. From now on G and H are two fixed graphs in Γ 3 unless otherwise explicitly stated.
Contributions and organization of this paper
There are three contributions presented in this paper. We prove that: 1. If G, H have senders, then necessarily they have connected minimal senders (Theorem 1).
2. For any pair of fixed graphs G, H in Γ 3 there are minimal senders with arbitrarily distant signal edges (Theorem 2).
3. For any pair of fixed graphs G, H in Γ 3 there are elements of R(G, H) with arbitrarily large cycles (Theorem 3).
Theorems 1 and 2 are proved in Section 2, Theorem 3 is proved in Section 3 and Section 4 is dedicated to present some comments on the results and some questions that are left open in this work.
To prove Theorem 2 we use Proposition 1 and the fact that the usual order on the natural numbers is a well order. To prove Theorem 3 we use Theorem 2 and an identification operation between two edges of the same graph (see Definition 1), an idea already used in [1] .
Minimal Senders
A sender is minimal if none of its proper subgraphs is a sender with the same signal edges e, f .
Every pair of graphs (G, H) from Γ ′ 2 has minimal senders.
Lemma 1. If G and H have a negative (resp. positive) (G, H, e, f )-sender, then they have a minimal negative (positive) (G, H, e, f )-sender.
Proof. Let F be a negative (positive) (G, H)-sender with signal edges e, f . By Hypothesis the set
is non empty. Let m be the least element of S. There is a graph F ′ ⊆ F with m edges which is a negative (positive) sender with signal edges e and f . Any proper subgraph F ′′ of F ′ has less than m edges and it can not be a negative (positive) sender with the same signal edges, because |E F ′′ | does not belong to S. Therefore F ′ is minimal.
Observation 1. Let F = V F , E F be a graph with connected components F j = V j , E j for 0 ≤ j < k and G, H two connected graphs. A coloring c : Proof. Suppose the pair (G, H) have negative senders. Then there is a minimal negative
If F is not connected, then we can assume that it has connected components F 0 , F 1 , . . . ,
Suppose e ∈ E j and f ∈ E k with j = k. Let c : E F −→ {0, 1} and c ′ : E F −→ {0, 1} be good colorings such that c(e) = c ′ (f ).
By Observation 1, c ↾ E j and c ′ ↾ E k are good colorings of components F j and F k respectively. Again by Observation 1 the coloring defined bỹ
is good, andc(e) =c(f ), which contradicts the fact that F is a negative sender. Therefore, signal edges e and f must belong to the same connected component F j of F . Now if c : E F −→ {0, 1} is a good coloring its restriction c ↾ E j : E j −→ {0, 1} is a good coloring of F j . Then we can conclude that F j is a connected (G, H, e, f )-negative sender, but this shows that F can not be minimal.
Therefore any minimal (G, H, e, f )-negative sender is necessarily connected. The argumentation for positive senders is analogous.
Theorem 2. For every natural number n there is a minimal negative (positive) (G, H)-sender such that the distance between its signal edges is at least n.
Proof. Suppose F is a negative (G, H)-sender with signal edges e and f and such that the distance between them is n. Such a sender exists by Proposition 1. Hence the set S = k ∈ N : F ′ ⊆ F is a negative (positive) (G, H, e, f )-sender with k edges is non empty. Let m be the least element of S. There is a negative (resp. positive) sender F ′ with m edges and signal edges e, f separated by a distance n. By an argument similar to the one given in the proof of Lemma 1 this F ′ is a minimal negative (positive) sender. The distance between e and f in F ′ must be at least the distance between them in F because F ′ is a subgraph of F .
3 Minimal Ramsey graphs with arbitrarily large cycles
as follows:
We say that F is obtained from G by identification of x and x ′ . Notice that x is replaced by x ′ i.e. x is not an edge of F ′ but x ′ is.
has a good coloring c ′ . Now consider the coloring c on the eges of F :
The coloring c can not be good since c(e) = c(f ) and F is a negative sender. Thus F contains either a red copy of G or a blue copy of H but then c ′ is not a good coloring for F ′ because any copy of G or H contained in F is contained also in F ′ and c(x) = c ′ (x) for every x ∈ E F ′ \ f . We have proved so far that F ′ contains a cycle of length at least n. It remains to prove that F ′ ∈ R(G, H). First, note that F is a negative sender, thus F ′ have no good colorings by Lemma 2. Since F is a negative sender, it has good colorings. If x / ∈ {e, f } is an edge of F , then F \ x still has good colorings but F \ x is not a negative sender because of the minimality of F hence there is a good coloring c of F \ x with c(e) = c(f ). This induces a good coloring c ′ of F ′ \ x given by c ′ (y) = c(y) for every edge y of F ′ . If x = e or x = f then F ′ \ x = F ′ \ f . As f was the "conflictive" edge, we have that F ′ \ f has good colorings.
Hence F ′ ∈ R(G, H) as we wanted to prove.
Conclusions, observations and Further Research
Theorem 1 says that for any given pair of graphs G and H, if they have negative (positive) senders, then any minimal negative (positive) (G, H)-sender must be connected. We extend Proposition 1 to minimal senders in Teorem 2. On the other hand Theorem 3 says we can have graphs in R(G, H) with arbitrarily large diameters.
The class Γ ′ 2 contains all graphs that do not get disconnected by the removal of an edge. Proposition 1 is still valid when G and H belong to Γ ′ 2 and the Arrowing relation is replaced by the strong Arrowing relation [2] . Hence our results are still valid for the strong Arrowing if G and H belong to Γ ′ 2 .
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